
Counting twisted cuties over an

arbitrary base field K

Plan :

• Equivariant cohomology
• Atiyah - Bott localization
• Count of twisted cuties over ①

( F-Uingsrud - Stromme )
• Counting in GWCK)

•

'

quadratic A - B localization

• Count of twisted cuties in GWCK )



Equivariant cohomology
reductive

compact

G complex algebraic group / lie group

eg G=T=(①
* Ism

/ smooth
mfld

✗ complex alg variety
Gnux
Find a contractible space EG with

a free right G- action

EG✗
G
: =

(e.g. ✗ Ince / g-× )

equivariant cohomology
HjCX7= Hoc ✗g)

← singular con
with Z coeff

BG= Efg classifying space



Ed : 9=-1 @
• Ism

ET= (① • Iso } /
M

BT=④pqm
HI,lpt1=H4BT1= Z[t ]

Zcta . .
- ital

✗
proper

Goal : For ✓→ ✗ vector bundle

with rankV=dimX
,
calculate

H-4pt-sfe.CI/t-evofx+e,-lV1c-H (BT )
" 11

2 17 71ft , . . - itm ]
✗ ↳ Xq ie ,_( v1 A - B : this can

it
be expressed

I 1 in terms of
☒ → BG

CN )
the fixed locus

of Gsx

Assume Ghux lifts to ✓→ ✗

In

equivariant

each := elVGIY-e.GE#~ie.s.v1



Atiyah - Bott localization 9=7-10*7
"

Thu ✗ F= fixed locus

i : F↳ ✗

Location thm ( Atiyah - Bott )

i. i. HE (F) → H
"
(✗ I act, , . . .tn ]

✗ "

it :HFC✗7→H :-( F) as Hicptt
have torsion kernel and modules

cokernel

CI : After localization they

become isomorphisms

lit '=eg¥É
✗ normal bundle

since i•i*1=eqCNfX)

Assume F- 1pm . . ,pn } It:(F) = ④ H'TBG )
izl

✗ c- localization of H ; ( ✗ I



I;=¥÷÷•=É÷¥*¥÷.
ij :(pile> ✗

EI : Eater characteristic

with finitely many fixedThu ✗
☒
proper pts

Then ✗ 1×1 -_f×,efT✗1=# fixedpts

eg 9=101
" " nap

"

✗ CRIP " ) = ntl

fixed pts [ 0 : . .
.

:O : I :O :
. .

03



Counting twisted antics C Ellirgsnd - Stromme)

Hn - moduli space of twisted cubic in IP
"

Pierre - Schlessinger : Hg smooth + prog + dim 12
☒
smooth rational
curve of

fibration : § : Hn → q( 3 ,
n ) ← 3-planes degrees

in 1pA
fiber is Hrs

⇒ Hn smooth proj dim = 12+43+11 - ( ntl - 3- 1) =4n

Notation : ✗ c- Hn m) Gc P
"

corresponding
twisted cubic

Ed → Hn vector bundle with fiber

(G)✗ = degree
d polynomials on G

Fe C[ ✗a . - ,
✗ id → section of ↳ defined

by restricting F to Cx

Zeros of the ←, twisted cuties

section on VCFI

If rank Ed = dim Hn then we get
11

" finitely many
3d 1- I 4h

zeros of

the section



# twisted cubic on V1F) = A- zeros
of the

induced section

= f et Eal = EL Spef Ealpl
Hip fixed l§Tp Hnl

pts

= 317 206375
D= 5

h= 4

here the action is induced by

F- ¢0141 I 1pm



EasiU : Lines on a cubic surface

# lines on
a cubic =) etlsyissr )
surface ¢11,37T

A

Grassmann
Ian

of lines
in IP
?

F- (A)
" RIP 's

→ TRIG 11,3 )

has (E) fixed pts

1--1×2--7=03 is a fixed pt

Sym?Sule = V5 basis %3④✗f✗n④✗•✗i*?

= 4-dim T - rep
= sum of 4 irred rep

et ( Sywfsvle ) = et l
< ✗is > let /< xix, > )

-

et Kxoxi > let#-)

⇒ 3t⑨ . tot til
• 4-not 2T , ) . 3T

,



Te¢( 1,37 : basis ✗• ④ ez , ✗e⑦ez ,

11 ✗
⑦⑦ ez ,

✗r④e3
é④GYe

etlte 411,317 __ It. - te / Ct , - tel
(to - t , ) ( tn - t } )

Exercise : [ ei-lsymss.ir/e1
Axed ¥8,3 , ,

± 27

ptsf



What about other fields k ? Chart-t2

Motivation from motivic homotopy theory

⇒ We should count in Gwlkl

Grothendieck -Witt ring of K :

-

- group completion of isometry classes of

non - degenerate quadratic forms / K

Addition : ⑦ direct sum

⑧ makes this into a ring

Diagonalize ⇒ generators of Gwlh )

aaxit . - - tanai < as 9×2

"
a c-
"¥12

<apt . . . 1-< an> c- 9Wh )

relations : 1) cars . Cbs = cab >

2) < a > + Cb > = <atb
> 1- Lablatbl>

3) < a > + c- a> = < I > + c- I > = to

hyperbolic form



E-☒ ( Kass- Wichelgren) :
count of lines on a cubic surface

12h t 321 >
c- GWCK )

rank ignature
27 3

= classical
= signed

complex real
count count



Want a
"

quadratic
"

analogue of

Atiyah - Bott localization
.

win -_G¥!

R ring
→ WCR ) → sheaf 2) on

Smu
simoom varieties

,

✗ → HYX ,W )

Tweedie over Hot Speck ,W )
replaces for

=W( d)

t

Problem : 11-0113 Chu , TWI = WIKI

hot WCK / left



This :/ Ananyevsky ) :

HIBIKI / ,W7= Wchl lean , en ]

where ei = pie ,
e=esylFl

A
standard

Slz - action

Thy (Levine ) : on 2-dim F

N= normalizer of fun in Slz

1) N is generated by ft t -11
and 6=1-9 ! )

21 It
• ( BSL , ,W ) -311-4

BN
,

UI is inj .

31 It
-

( BSK.WIEe-YEHTBN.hr/leY
One more advantage : ←

these are
•
nice

"

Marc found all imed rep of N
t equivariant Euler da

see
→ trial

A. Levine
Motivic Euler char 1- Y:[hard 1- 2-dim



Localization them in Witt cohomology
by Mr Levine

←
smooth prop var

/ K

N nu ✗ with fixed locus F

N
"

ax i : f-↳✗

for
"nice

then i. and it become isos

after a localization

CI : Integration formula
Assume NN X has finitely many
fixed pts per - ipn then

f a = £ c- WIKI

i. , Spi "É÷tp☒)XN

✗ c. localization of Hjlxiwl



Examples :

1) Nm Apn m=(¥) Nh↳Gln+ ,

n ever F- [0 : . . .
:O :H

has {
1

O n odd

so ✗
* ( IP"1={ Eh

tot > never

"
h h odd

inhwlk



27 Lines on a cubic surface
N2 I p3

ni N
' A $11,37 = Grassmann'm of lines in 1ps

has 2 fixed pts {✗z= ✗3=03 = ly

( t t.nl 1.0, f) and 1×0=4--03--12
← basis XP

, tox, ,count of

elsywiss.ly/xoxiicineson=felSym3sv1--fN-a cubic Na

surface 1911,31µg ECTe.GL 1,37 )
"

l
, N2

tgeaelsymssye,
/

1-hit -1 e
,

É3 ) )
in Levine

Motivic
Euwqchwfftvawedass.esarai

± + ¥
ei - ei

=3 c- Ual
eiei

→ 12h +3 C- Glock )



More generally : Count of lines on

complete intersections VII. i. . ,Fn )
( if finitely many f- orientable )

= d
,
! ! :

. .

- dn ! !

where di 's are odd and

di ! ! -

- di - di - 21 .
. .

.

. 3. I



3) Count of twisted Cubias ( Levine -P
. )

Action above on P
"

→ action on Hn

of el Es ) = 765 c- Wth )

Hat In Gwlhl :
"

twisted cubic s 3172063-275-765.4+765<1 >
on a quintic c-GWIUI

3- fold

• S¥ECG⑦G ) = go
c- Wchl

• Jane / Ers ) = 768328170191602020

e) * , ,

el Ez⑦ G- 7=136498002303600




